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Anisotropic capillary interactions and jamming of colloidal particles trapped
at a liquid-fluid interface
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We determine the capillary attraction and equilibrium configurations of particles trapped at a liquid-fluid
interface due to the pinning of their contact line. We calculate analytically the asymptotic interaction energy
between two particles and, numerically, the multibody energy landscape for up to four contacting particles. Our
results are consistent with recent experiments. We show that a system composed of a large number of such
particles behaves as a jammed system.

DOI: 10.1103/PhysRevE.65.031601 PACS nun)er68.03.Cd, 82.70.Dd, 83.80.Hj

Capillary interactions arise whenever particles that arepproximations. We then compute numerically the exact in-
floating between a liquid and a fluid distort the interface.teraction between two particles, and timany-bodyinterac-
These interactions originate from the dependence of the eriion between three and four particles, in order to understand
ergy stored in the interface on the distance between the pacollective behaviors. We finally attempt to connect our re-
ticles. More generally, interactions mediated by the elasticitysults with thejammed-fluidizedransition for attractive par-
of the medium in which particles are embedded occur inticles under external stre$20,21], thereby proposing these
e.g., phase-separating binary mixtufé$ critical fluids[2],  systems as models for microrheological studies.
bilayer membraneg3,4], and liquid crystal$5,6]. Capillary For definiteness, we consider floating particles that posses
interactions play significant roles in several important tech-a fixed, nonplanar line thatinsthe fluid’s interfacgas in the
nologies[7], including ore flotation 8], foam stabilization above examplegl8,19). When such particles interact, their
[9], and solid surface nanostructuring by deposition of two-contact lines rise, tilt, and rotate rigidly with the particles;
dimensional colloidal crystal or aggregafd9©—12. however, each line remains fixed in the local frame attached

The interaction between floating objects is well under-to its particle. For simplicity, and in agreement with Ref.
stood only when the contact lines can freely adjust theif19], we assume that the contact lines depart weakly from a
shape at the surfaces of particles: the weight of the particlesircle, thus excluding elongated particles. We also assume
induces an interfacial distortion that relaxes by capillarity,weak distortions of the interface heigitx,y) relative to the
thereby mediating the interaction. However, exact numericaplane ,y). This implies that the projection of each contact
results are only available for the simplest case of two paralleline onto this plane can be approximated by a circle, even
cylinders[13]. Various approximations, e.g., Nicolson’s su- when the particle is tilted. We describe tith particle’s con-
perposition approximation14], have been devised for tact line by the height functiod;(¢;) (see Fig. 1, that we
spheres and cylindefd5-17. expand in Fourier harmonicg;(¢;) =Cgp;i + =,[ Cpicosfig)

Recently, strong capillary aggregations of floating colloi- +S,sin(n¢g;)]. Due to the fixed shape of the contact line in
dal spheres have been reported in a regime where the abouge particle’s frame, some of the above coefficients are con-
gravity-induced interaction is negligible, due to the small-strained while others are fre€,;, which describes how the
ness of the particlelsl8]. This effect has been attributed to a particle rises, is freéFig. 1). The dipolar coefficient<C;
pinning of the contact line at the surfaces of particles. TheandS,;, which parametrize the tilts of the contact line rela-
corresponding long-range interfacial distortion has a quadrutive to thez axis, are also free. The lowest-order multipole
polar shape, which mediates a very strong interaction in unitgearing the information concerning the shape of the contact
of kgT. Similar behaviors were recently observed in experi-line is, therefore, thguadrupole[18]. We assume explicitly
ments involving photolithography-fabricated curved discs
having one hydrophobic and one hydrophilic side. It is then ¢.(¢,)=Cg+ Cy;cose; + Sy;;sind;+Hocod2(h— )]
the edge of the curved disc that effectively pins the contact
line [19]. +Hycod4(di—Bi)]. 1

In this paper, we model both experiments in a unified way
and we produce exact results for the interaction betweeithe quadrupolar coefficientl,; is a constant associated
such “trapped” particles. We obtain the asymptotic interac-with the shape of the contact line, apdis the free variable
tion analytically without using uncontrolled superposition that represents th®tation of the particle about its normal

(Fig. 1). For the sake of completeness we have added the

lowest-order multipole that does not break mirror symmetry,
*Electronic address: jbf@turner.pct.espci.fr H,4co94(4—B)]. The octupolar coefficienH,; is a con-
Electronic address: galatola@ccr.jussieu.fr stant that describes how the contact lines departs from a
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FIG. 2. Universal relative error between the exact fdrard the
asymptotic forcef., for two identical, purely quadrupolar particles
(H,4=0) of sizea;=a, as a function of their reduced separation.
Inset: calculated interface profile f@:’s equal to zero.

known as the second Green ident[t2], where G(r,r’)
=In|r—r’'|/2m is V?'s Green function. Evaluating E¢) for

FIG. 1. Representation of the contact line of tteparticle and ' On theDy’s with the Fourier serie¢1) and (4), and with
of its projection onto the reference plane. the multipolar expansion:
purely quadrupolar shape. The two points where the height N . _— Y
modulation of the contact line relative to its average plane is G(r.r')= 27 Inr ngl nr,ncos{n(¢ ¢D1. ©
the largest define aaxis, evidenced by the dashed line in the

figures. For small deformations, the excess free energy ass@js ohtain a linear set of equations for the unknown variables
ciated with the surface tensionof the interface is given by Coi,C1i,Sui, andc,,; .Sy for n=2. Giveng; ,Ho;, andHy,

these variables determine completely bbtlnd oh/dr; on
the D;’s. Finally, Eq. (5) determinesh(r) everywhere. The
corresponding free energy is obtained by integrating (.
by parts and usin§*h=0

wherer =(x,y). For micron-sized particles as we consider

here, gravity is negligiblg18]. At equilibrium, the first F:Zf d2rv-(hvh)

variation of F vanishes, which yieldssee Fig. 1 2

F:%f d?r(Vh)2, @)

h __Z 2m ﬂ
jdzr(VZh)ﬁh—i-E %Ddg%ggi:(), (3) = ZEi a; . d¢i§iari

Ty .
whereds =a;d¢; . ThusV2h=0. For fixed projected posi- =T i'k22 . ai[Hyi{cxicogkB;) +sisin(kBi)}].
tions and rotationgs; of the particles,5¢; reduces toSC
+ 8C4icos¢+8S;sin gy, since theB;’s and the coefficients (7)
H,, and H, in Eq. (1) are constant. Hence the boundary . . . )
equilibrium (freedom of the particles to rise and Yiis ex- Two particles.Consider two particlesi & /,r) separated
pressed by the vanishing of the zeroth and first-order Fourig?y @ distancel (Fig. 2). Solving analytically the linear sys-
harmonics ofgh/ar; on D;, which implies that the expan- te€m determining the unknown profile coefficients fbr o
sion of oh/dr; starts an=2, yields F(d) =Fq+F,(d) + O(d %), where the leading-order

interaction is

, ’

dh

ar (=a.6)= 2 cycotng) +sysinnd).  (4) a,’a;

a‘l’
F4=—127777H2/H2r0052(ﬂ/+ﬁr)]- ®

. 2 — . . . .
The conditionv*h=0 implies the integral equation It coincides with the result found in R€f18] from a super-

, position approximation in the spirit of Nicolsdri4]. Note

dh(r) G(r.r')—h(r) aG(r,r’) ds that it doesnot depend on théd ,'s. At fixed d, the particles
ar; ’ ar; ' interaction is minimized when the axes of the particles are
(5) symmetrically rotated with respect to the line joining them

h(r')=2,
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(B,=—PB,), as if the particles were gearedhen, the force
acting between them is attractive, and is asymptotically
given by

2.2
a “arH,, Hy,

f(d)=—d8ry—— 5

9

The exact interaction energyF(d,B,,8;) can be obtained
for any distance by solving numerically the set of equations
for the profile coefficients after truncating the Fourier expan-
sions at a large but finite order, and checking for conver- 0 60 ¥ldeg] 120

gence.f,, turns to be a very good approximation for a wide

range of separations, as evidenced in Fig. 2, for two identical FIG. 3. Normalized interaction energyF/yH?2 for three iden-
particles withH,;=0. The corresponding force at contact is, tical particles withH,=0.25H, as a function of the configuration
however,=65% weaker tharffi,,. The associated interaction angle . The two branches come from the minimization with re-
energy is— 2_0yH2,z20% weaker than the approximation spect to the angleg; . The barrier associated with the minimun
given by F,. For y=70 erglcm (wate), a=1 um, and is =3.6X10%gT for H,=0.1 um.

H,/a=0.1, this gives=—1.4x10 8erg (= —3x10°kgT). - _

Note that the contact force actually depends on the details df9 the positions of three particles through the angle and

the higher Fourier components. When thig;’s are zero Minimizing with respect to both the positiak, of the fourt_h
(purely quadrupolar particlgsthe numerically determined ©ne and all the rotation angles (see Fig. 4 We obtain
interaction turns out to be proportional to (23, + 8,)] at  three branches and six equilibrium states. _

any separation: the energy minimum degeneratge corre- As a new indication of a many-body effect, the “gearing”
sponding to8, = — S, . Physically, this “gearing” condition rule is strongly violated in conflgura_\tlolf) and slightly vio-

is favored because it allows the heighitof the contact lines  1ated inC. Contrary to the three-particle case, trenoradial

of particles to match, thereby preventing a strong local interSquareB is more stable than the radial squ&teOne might
facial distortion[19]. Our exact calculations further showed Suspect that since the gap between the particles is larger than
that the presence of nonzero octupolar correctidgsactu- I t_he triangular case, it is more important to relax the dis-
ally lifts this degeneracy: the minimum energy is attainegtortion store'd at the tips of the axes on the sides of the square
whenB,=g,=0 (axes of particles parallel to the separation rather than in its center. Note_, however, that such reasonings
vectoy, as intuited in Ref[19]. Indeed, it is best to match _become more and more delicate as the number of pf_irtlcles
the heights where the contact lines have a sharper distortiofficreases. The fact th@andE are the most stable configu-
i.e., at the tips of the axes. rations suggests, as proposed in Hé8], that the ground

Three particlesOwing to the strength of the above attrac- St&t€ for many particles should be a square lattice Bjtor
tion (=10°kgT), we study the equilibrium states of three equglentIyE, as unit cell. We find agan the curved-like
particles by assumingi) that each particle contacts at least and.dlfferent triangular arrangements with a fourth attached
another particle(ii) that the particles can rotate around eachP@'ticle (C,D,F). Our results do successfully reproduce the
other, in agreement with the experiments of HaR]. we  Various structures that can be locally seen in the experimen-
consider generic particles, i.é4,,#0. Without loss of gen- (@l pictures of Ref[19]. _
erality, we fix two particles at contact, and we explore the SUch floating particles can be considered as a model sys-
energy landscape as a function of the position of the third®m 0 studyjamming phenomena in complex fluids. Jam-

particle, described by the angle (Fig. 3). For eachy we

minimize the energy with respect to the rotatighisof the o I \LC
three particles. s O,
We obtain two distinct branches exhibiting three meta-
stable minimgsee Fig. 3. The latter almost perfectly satisfy AF A 3 D DY
the above-mentioned “gearing” rule. Theurvedline con- > N O
figuration A suggests dhree-body effe¢tsince the axes of vH: Qeeﬁ & E
the particles are not parallel to one another, contrary to the B E /
pairwise case. Indeed, repeating the calculation with pairwise e M ¥
interactions instead of the exact many-body interaction - NN 50 G“
yields a straight line. The most stable, packed configuration Q’g
is the triangleC with a radial orientation of the particles. One ST A S Y |-
might argue that it best relaxes the strong interfacial distor- 0 60 Wy [deg] 120
tion located at the facing tips of the axes of particles. The
orthoradial triangleB is also very stable. FIG. 4. Normalized interaction energyF/yH3 for four identi-

Four particles.To determine the equilibrium states of four cal particles withH,=0.4H, as a function of the angl¢, specify-
contacting particles, we explore the energy landscape by fixing the position of the rightmost particle.
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will rearrange until they fall in one of the many metastable
configurations. They will thereby form a disordered structure
with a yield stress. Such colloidal aggregates are, therefore,
more akin to a foam{23] than to a collection of sticky
sphered24].

To test the relevance of this description in terms of jam-
ming, we estimate the dependence of the yield stegsen
the volume fractiong, from the energetical landscape for
four particles(Fig. 4). For each metastable state, we get
«1/L?, whereL is the distance between the farthest particles,
el T and we estimater,=E,/aL, whereEy, is the energy barrier

1/6 towards the nearest minimum, andE,, /a the force required
to rearrange a given state. This yields the diagram of Fig. 5,

FIG. 5. Tentative jamming phase diagram extrapolated from thavhich is quite reminiscent of the phase diagram for attractive
results for four particles. The dashed line is the power layv ~ athermal systems proposed in Rgfl], with a characteristic
~ p?S, power lawo,~ ¢*.

It should thus be very interesting to experimentally study
he microrheological behavior of such particles’ aggregates.
deed, direct observations would be possible because the
stem is two dimensional; furthermore, as we have shown,
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ming occurs in the presence of either repulsive or attractiv
forces[21], when a disordered system gets trapped in phasé]
space, for kinetic or energetical reasons, and thus exhibits

yield stress[20]. Aggregates of a large number of the

this is one of the few systems where exact many-body cal-

“trapped” particles discussed in this paper should form bycmatIOnS are possible.

accretion of individual particles or small clusters. In the ab-
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sence of irreversible sticking, at each accretion the particleg/u, and P. Flaud for interesting discussions and comments.
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